Abstract. The paper introduces a notion of \shift-di erentials" for maps with values in the space BV. These di erentials describe rst order variations of a given function u, obtained by horizontal shifts of the points of its graph. The ow generated by a scalar conservation law is proved to be generically shift-di erentiable, according to the new de nition. (1:2) By I we denote here the characteristic function of the interval I. Assuming > 0, the corre-
-Introduction
In the analysis of variational problems related to conservation laws 4], a major source of di culties is the fact that the ow map: u(0; ) 7 ! u(t; ) is usually not di erentiable w.r.t. the linear structure of L 1 (1:3)
Observe that the map 7 ! u (0; ) describes a smooth curve in L 1 , namely a segment. However, for t > 0, the map 7 ! u (t; ) is Lipschitz continuous but nowhere di erentiable because the location x (t) = p 1 + (1 + )t of the shock varies with .
To cope with this situation, in 3] a generalized notion of di erential was studied, for maps 7 ! u taking values within a class of piecewise Lipschitz functions. The ow generated by a hyperbolic system of conservation laws was proved to be di erentiable in this generalized sense, as long as the solutions remain piecewise Lipschitz continuous.
Aim of the present paper is to introduce a new di erential structure on the space BV of integrable functions with bounded variation, and show that the ow generated by a scalar conservation law is generically di erentiable w.r.t. this structure. We conjecture that a similar result also holds for n n strictly hyperbolic systems.
Let a function u 2 BV be given. In order to de ne a \tangent space" at u, one can follow a procedure which is now standard in di erential geometry. On the family of continuous maps (1:4)
Every equivalence class could be regarded as a \ rst-order tangent vector" at the point u. The set b T u of all these equivalence classes, however, is extremely large, and cannot be adequately described. Therefore, one usually works with a particular subset T u b T u of tangent vectors which admit a suitably nice representative.
The standard choice at this stage is to consider a family T u of tangent vectors which can be put in a one-to-one correspondence with L 1 (IR). More precisely, T u is de ned as the family of all equivalence classes of the maps 7 ! v ( ) : = u + v; v 2 L 1 (IR):
(1:5)
In this paper we study a di erent space T u of tangent vectors, which can be put into a one-to-one correspondence with L 1 (Du). Here Du denotes the (signed) Radon measure corresponding to the distributional derivative of u 2 BV. When v 2 C 1 c L 1 (Du), to v we associate the equivalence class of the map 7 ! u , where u is implicitly de ned as u ?
x + v(x) = u(x) (1:6) for all 0 su ciently small. We then show that this correspondence can be uniquely extended to the whole space L 1 (Du) . Observe that in (1.5) the graph of u is obtained by lifting the graph of u vertically by v. On the other hand, in (1.6), the graph of u is shifted horizontally by v.
This motivates the term \shift-di erential" used in the sequel. Sections 2 and 3 are concerned with the de nition and the basic properties of shift di erentials.
In particular, we study the relation between the existence of a shift di erential for a map 7 ! u and its di erentiability in the usual sense. In Section 4 we consider the semigroup S generated by the scalar conservation law w t + f(w) x = 0:
(1:7)
Denoting by S t u = w(t; ) the solution of (1.7) with initial condition w(0; x) = u(x), we show that (generically) the ow map u 7 ! S t u is shift di erentiable. This result provided the initial motivation for a study of shift di erentials. We believe that our approach can also be useful in the analysis of variational problems in the class of BV functions, in particular those related to conservation laws. A rst example of \shift tangent vectors", in connection with piecewise constant approximate solutions of a 2 2 system of conservation laws, can be found in 2].
-Shift Tangent Vectors
Throughout the following, our basic function space is the normed space X :
Here L 1 (IR) refers to the standard Lebesgue measure. To prove (2.11), we rst observe that, for all ' 2 C 0 c (IR), one has
(2:12)
Indeed, the assumptions of hat-convergence imply v ! v,ṽ !ṽ in L 1 (Du), while ' ! ' uniformly on IR, because of (2.7) and the fact that k v k 1 , k ṽ k 1 ! 0.
By Lemma 3, from (2.12) we deduce Since the right hand side of (2.14) does not depend on ', we obtain the inequality (2.11) by taking the supremum over all ' 2 C 0 c (IR) with k'k 1 1. This completes the proof of (2.9). The following theorem describes the relations between the shift di erentiability of a curve and its di erentiability in the usual sense. By wdx we denote here the measure having density w w.r. 
In this case we say that is the shift di erential of at u and write = $ r (u).
In other words is shift di erentiable at u if it is shift di erentiable along each direction The next theorem shows that, in order to prove the shift di erentiability of at a point u, it su ces to check that it holds along a dense set of directions. 
Letting k ! 1, the right hand side of (3.7) approaches zero and the theorem is proved.
-Application to Conservation Laws
Throughout the following, by S : X 0; +1) ! X we denote the semigroup generated by the scalar conservation law (1.7). We assume that f 2 C 2 (IR) with f 00 (s) c > 0 for all s 2 IR. Otherwise stated, the points (u; x) are the intersections with the x-axis of the maximal and the minimal backward characteristic from the point (t; x), respectively. Here we do not explicitly indicate the dependence on t, because the time t > 0 will be kept xed throughout the sequel. We now state the main theorem of the paper.
Theorem 4. Assume that, at a given time t > 0, the entropic solution of (4:1) does not contain interacting shocks, nor centers of a compression wave. In other words, assume that for every x 2 IR the set S u (x) contains at most two points. Then the map S t is shift di erentiable at the point u.
The proof relies on a sequence of preliminary lemmas. First, we show that the multifunction (u; x) 7 ! S u (x) is upper semicontinuous 1]. In the following, the distance of the point x to the compact set K is written d(x; K).
Lemma 5. Let Since S u i (x) Ux, the minimization problem (4.9) is equivalent to min 2Ux F y u i ( ;x): Our assumptions clearly imply F y u 1 ( ;x) = F y u 2 ( ;x) for all 2 Ux. Hence S u 1 (x) = S u 2 (x). Sincê x 2 (z 0 ; z 00 ) was arbitrary, the lemma is proved. The following two lemmas describe the behaviour of S t u in the neighborhood of a shock, when the initial condition u is slightly perturbed.
Lemma 8. Let We now study in greater detail the case where u =ṽ ? u, for a particular family of functions v . We shall consider separately the discontinuity points and two types of continuity points of S t u. Proof. We set y 0 = ?1, y n+1 = +1 and take j such that (u;x) 2 (y j ; y j+1 ). Since the maps x 7 ! (u; x) are continuous atx, there exists 2 (0; 1) such that y j < ? (u;x ? 2 ) < + (u;x + 2 ) < y j+1 : From (5.4), the de nition of v and the fact that v(x) = j for all x 2 (y j ; y j+1 ), it follows that ? v (x) = j for all x 2 x?2 ;x+2 ]. We now choose w ? ! v in such a way that " n";
where n is the number of points where v has a jump. Observing that n is independent of " while " > 0 is arbitrary, this yields (5.14).
Corollary 2. Let u 2 X be given. Then the ow map S t generated by the conservation law (1:6) is shift di erentiable at u for all except countably many times t > 0.
Proof. It su ces to show that, for any > 0, the set of times t > at which the assumptions of Theorem 4 do not hold is at most countable. For each rational numbers p, call x p ( ), the generalized characteristic for the solution of (4.1), with x p ( ) = p. It is well known that this characteristic is uniquely de ned for t . For p; q rationals, call t pq the rst time at which the characteristics through p and q meet, i.e. t pq : = min t; x p (t) = x q (t) :
Set t pq : = 1 if the two characteristics remain disjoint for all t > . Now suppose that the assumptions in Theorem 4 do not hold at some time t > . Then, for some x 2 IR, there exist three distinct characteristics through the point (t; x), of We then have t = t p;q . Since the set ft pq g is countable, the corollary is proved.
